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ABSTRACT
It will be shown how a different usage of power series of analytic
functions can lead us to find new and interesting infinite series for π
involving complex conjugates.
Keywords Analytic Functions · Power Series · Power Series for π · Approximating π
1 Introduction
In this section, we will build up intuition and prove a few things so as to calculate the
constant π.
Theorem 1.1. Conjugate Theorem
Any pair of complex numbers can be rewritten as follows:
z = a+ b, a, b ∈ C
in which a is the middle between the pair and b is the complement between a to the
roots.
Proof. The quadratic resolvent shows exactly this. Let’s define f as follows:
f : C→ C
z 7→ f(z) = (z − z0)(z − z1)
Then for any complex z0, z1, roots of f , it holds
(z − z0)(z − z1) = 0
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z =
z0 + z1
2︸ ︷︷ ︸
a
+
(
±
√
(z0 + z1)2 − 4z0z1
2
)
︸ ︷︷ ︸
b
z =
z0 + z1
2
±
z0 − z1
2
= z0, z1
Theorem 1.2. Conjugate Series Theorem
Let f : D → C be a complex analytic function in its open and conected domainD ⊆ C,
such that f has at least two complex roots inD. Then the following holds:


Pf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n)(a)
(2n)!
Sf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n+1)(a)
(2n+ 1)!
Proof. Since f is analytic inD, we can express it in a power series for complex analytic
functions, if both z, z0 ∈ D ⊆ C . Therefore
f(z) = f(z0)+f
′(z0)(z−z0)+
f ′′(z0)
2!
(z−z0)
2+ · · · =
∞∑
n=0
{
f (n)(z0)(z − z0)
n
n!
}
Now, let’s substitute z = a + b and z0 = a, as f possesses at least two roots
(Conjugate Theorem). Surely, they belong toD. We then have
f(a+ b) = 0 = f(z0) + f
′(z0)(a+ b− z0) +
f ′′(z0)
2!
(a+ b− z0)
2 + · · ·
f(a+ b) = 0 = f(a) + f ′(a)(a+ b− a) +
f ′′(a)
2!
(a+ b− a)2 + · · ·
It turns out to be
f(a+ b) = 0 =
∞∑
n=0
{
bn · f (n)(a)
n!
}
Additionally, we can reorganize it into the following expression, since it converges
absolutely.
2
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f(a+ b) = 0 =
∞∑
n=0
b2n · f (2n)(a)
(2n)!︸ ︷︷ ︸
Pf (a,b2)
+ b ·
∞∑
n=0
b2n · f (2n+1)(a)
(2n+ 1)!︸ ︷︷ ︸
Sf (a,b2)
Since b possesses a second order radical it may happen, roughly speaking, that b ∈ F
and b2k, f (k)(a) ∈ E (k ∈ N) such that F/E. Therefore, this is the only way to ensure
f(a+ b) = 0.


Pf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n)(a)
(2n)!
Sf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n+1)(a)
(2n+ 1)!
Remark 1.1. The last step is essencial if we deal, for example, with a real-valued
polynomial which possesses complex roots (Conjugate Root Theorem) or even Gaus-
sian Rationals as solutions.
2 Applying the Theorems
For such calculations, we will use particular functions and then apply the theorems
proved earlier. Nevertheless, before the calculations, let’s explicit that arctan is defined
as follows:
arctan : C \ (−i∞,−i] ∪ [i, i∞)→ C
z 7→ arctan(z) =
i
2
· [ln(1− iz)− ln(1 + iz)]
where the logarithmic function above is the Principal Logarithm (θz ∈ (−π, π]).
Additionally, k, p, s will be treated as parameters.
Example 2.1. Calculating Arc-Tangents
f(z) = (z − p) · arctan(z − s)
It is easy to see that its roots are z = p and z = s. If we apply the Conjugate Theorem,
we will have
z =
p+ s
2︸ ︷︷ ︸
a
±
p− s
2︸ ︷︷ ︸
b
3
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

Pf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n)(a)
(2n)!
Sf (a, b
2) = 0 =
∞∑
n=0
b2n · f (2n+1)(a)
(2n+ 1)!
Since it satisfies all conditions, we may apply the Conjugate Series Theorem. So as to
set Pf (a, b
2) and get the desired results, we must compute the infinite derivatives of f .
Therefore,
f (2n+2)(z) = (2n+ 2) arctan(2n+1)(z − s) + (z − p) arctan(2n+2)(z − s),
arctan(2n+1)(z) =
(−1)n(2n)!
2
·
[
(1− iz)−(2n+1) + (1 + iz)−(2n+1)
]
arctan(2n+2)(z) =
i(−1)n(2n+ 1)!
2
·
[
(1− iz)−(2n+2) − (1 + iz)−(2n+2)
]
, z 6= ±i
Back to Pf (a, b
2), we then have
0 = f(a) +
∞∑
n=0
{
b2n+2f (2n+2)(a)
(2n+ 2)!
}
0 = (a−p) arctan(a− s)+
∞∑
n=0
{
b2n+2 ·
[
(2n+ 2) arctan(2n+1)(a− s) + (a− p) arctan(2n+2)(a− s)
]
(2n+ 2)!
}
arctan(s− a) =
1
a− p
·
∞∑
n=0
{
b2n+2 ·
[
(2n+ 2) arctan(2n+1)(a− s) + (a− p) arctan(2n+2)(a− s)
]
(2n+ 2)!
}
Which can be expanded into
arctan(s− a) =
b2
2(a− p)
·
∞∑
n=0
{
b2n(−1)n
2n+ 1
[
(1 − i(a− s))−(2n+1) + (1 + i(a− s))−(2n+1)
]}
+
ib2
4
·
∞∑
n=0
{
b2n(−1)n
n+ 1
[
(1− i(a− s))−(2n+2) − (1 + i(a− s))−(2n+2)
]}
, a−p 6= 0, a−s 6= ±i
4
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That yields
arctan(s− a) =
b2
2(a− p)
·
∞∑
n=0
{
b2n(−1)n
2n+ 1
[
(1 + i(a− s))2n+1 + (1− i(a− s))2n+1
(1 + (a− s)2)2n+1
]}
+
ib2
4
·
∞∑
n=0
{
b2n(−1)n
n+ 1
[
(1 + i(a− s))2n+2 − (1− i(a− s))2n+2
(1 + (a− s)2)2n+2
]}
, a−p 6= 0, a−s 6= ±i
(R1)
where
(a, b2) =
(
p+ s
2
,
(p− s)2
4
)
, {p, s ∈ C|a− p 6= 0, a− s 6= ±i}
Example 2.2. Calculating Arc-Tangents 2
f(z) =
[
arctan
(
z +
1
k
)
− arctan(p)
] [
z −
(p− k)
pk
]
, k 6= 0, p 6= {0,±i}
Which we have
f (2n+2)(z) = (2n+ 2) arctan(2n+1)
(
z +
1
k
)
+(
z −
p− k
pk
)
arctan(2n+2)
(
z +
1
k
)
Using the previous results on the derivatives of arctan and then building Pf (a, b
2) up,
we will have
0 = f(a) +
∞∑
n=0
{
b2n+2f (2n+2)(a)
(2n+ 2)!
}
0 =
[
arctan
(
a+
1
k
)
− arctan(p)
]
·
[
a−
(p− k)
pk
]
+
∞∑
n=0


b2n+2
[
(2n+ 2) arctan(2n+1)
(
a+ 1
k
)
+
(
a− p−k
pk
)
arctan(2n+2)
(
a+ 1
k
)]
(2n+ 2)!


[
arctan(p)− arctan
(
a+
1
k
)]
·
[
a−
(p− k)
pk
]
=
5
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=
∞∑
n=0


b2n+2
[
(2n+ 2) arctan(2n+1)
(
a+ 1
k
)
+
(
a− p−k
pk
)
arctan(2n+2)
(
a+ 1
k
)]
(2n+ 2)!


arctan(p) = arctan
(
a+
1
k
)
+
1
a− (p−k)
pk
·
∞∑
n=0


b2n+2
[
(2n+ 2) arctan(2n+1)
(
a+ 1
k
)
+
(
a− p−k
pk
)
arctan(2n+2)
(
a+ 1
k
)]
(2n+ 2)!


arctan(p) = arctan
(
a+
1
k
)
+
pkb2
2(pka+ k − p)
·
∞∑
n=0
{
b2n(−1)n
2n+ 1
[(
1− i
(
a+
1
k
))
−(2n+1)
+
(
1 + i
(
a+
1
k
))
−(2n+1)
]}
+
ib2
4
·
∞∑
n=0
{
b2n(−1)n
n+ 1
[(
1− i
(
a+
1
k
))
−(2n+2)
−
(
1 + i
(
a+
1
k
))
−(2n+2)
]}
That yields
arctan(p) = arctan
(
a+
1
k
)
+
pkb2
2(pka+ k − p)
·
∞∑
n=0

b
2n(−1)n
2n+ 1

(1 + i (a+ 1k ))2n+1 + (1− i (a+ 1k))2n+1(
1 +
(
a+ 1
k
)2)2n+1




+
ib2
4
·
∞∑
n=0

b
2n(−1)n
n+ 1

(1 + i (a+ 1k ))2n+2 − (1− i (a+ 1k))2n+2(
1 +
(
a+ 1
k
)2)2n+2




pka+ k − p 6= 0, a+
1
k
6= ±i, k 6= 0, p 6= {0,±i} (R2)
where
(a, b2) =
(
p− k + p2k − p
2pk
,
(p− k − p2k + p)2
4p2k2
)
,
{p, k ∈ C|pka+ k − p 6= 0, a+
1
k
6= ±i, k 6= 0, p 6= {0,±i}}
Remark 2.1. If we assign p = ±1 and k → ±∞ in Result 2 (R2), we will have the
famous Leibniz’s Formula for π.
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3 Calculating Pi
From the Ancient Greeks to today, the most well-known mathematical constant, π,
fascinates everyone who truly deals with math and science. This led – still leads and
will keep on leading – people (mathematicians or not) to calculate or find summations
for calculating π.
Note 3.1. In order to calculate π, we need both Result 1 (R1) and Result 2 (R2).
Example 3.1. Respectively, we set
(p, s) = (−1, 0) =⇒ (a, b2) =
(
−
1
2
,
1
4
)
(p, k) = (1, 2) =⇒ (a, b2) =
(
0,
1
4
)
Substituting in (R1) and (R2), respectively
arctan
(
1
2
)
=
1
10
·
∞∑
n=0
{
(−1)n[(2− i)2n+1 + (2 + i)2n+1]
25n(2n+ 1)
}
+
i
50
·
∞∑
n=0
{
(−1)n[(2− i)2n+2 − (2 + i)2n+2]
25n(2n+ 2)
}
,
π
4
= arctan
(
1
2
)
+
1
10
·
∞∑
n=0
{
(−1)n[(2 + i)2n+1 + (2− i)2n+1]
25n(2n+ 1)
}
+
i
50
·
∞∑
n=0
{
(−1)n[(2 + i)2n+2 − (2 − i)2n+2]
25n(2n+ 2)
}
Thus, as the final result
π =
4
5
∞∑
n=0
{
(−1)n
[
(2− i)2n+1 + (2 + i)2n+1
]
25n(2n+ 1)
}
Remark 3.1. Combining the two results (R1) and (R2), we can find infinite complex
conjugate power series for π. Surely, as long as we respect the requirements and assign
the correct values for the parameters so as to converge.
Remark 3.2. As we can see, from the results bellow, the series from Example 3.1
converges relatively fast.
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n (terms) Error
4 (5 terms) ǫ ≈ 2.46528 · 10−5
9 (10 terms) ǫ ≈ 1.53333 · 10−8
14 (15 terms) ǫ ≈ 3.41949 · 10−13
19 (20 terms) ǫ ≈ 8.88178 · 10−16
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